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Abstract 
 
Directional coarsening of the ’ phase (rafting) during creep in 
nickel-based superalloys was simulated by a phase-field model 
that calculates the evolution of both the ( + ’) microstructure 
and the inelastic strain in the  phase. A two-dimensional 
simulation revealed that directional coarsening affected the 
macroscopic creep behavior and that the strain rate increased 
temporarily. The creep rate–time curve of the initial stage of 
transient creep was successfully reproduced by the simulation. 
Furthermore, the results of a three-dimensional simulation showed 
that the dislocations prefered the  phase perpendicular to the 
external tensile stress and demonstrated that the strain rate 
increased locally at the /’ interface with a curvature when 
rafting occurs. 
 

Introduction 
 
Nickel-based single-crystal superalloys exhibit superior creep 
strength at high temperatures. This excellent mechanical property 
originates from the cuboidal ’ strengthening phase (L12 crystal 
structure) precipitated coherently in the  phase (A1 crystal 
structure) [1]. During high-temperature creep, the ’ phase 
undergoes a directional coarsening; if the lattice misfit is negative 
(a > a’), ’ particles coarsen toward the direction perpendicular to 
the [001] tensile-stress axis and connect with each other [2]. The 
resultant microstructure is often called a rafted structure. The 
examination of the microstructure evolution in CMSX-4 during 
creep at 1273 K under low stress [3] has revealed that the -
channel width of the rafted structure increases as a result of the 
coalescence of the ’ phase. The examination has also revealed 
that the creep rate at the accelerating creep stage is closely related 
to the increase in the -channel width, namely, the microstructure 
evolution [3]. On the other hand, some phase-field simulations 
have clarified that the rafting phenomenon is driven mainly by 
plasticity in the  phase [4-7]. Hence, microstructure evolution 
and creep deformation are correlated, and the details of the 
correlation need to be understood quantitatively to predict the 
creep strength of superalloys. 
 
Recently, a phase-field model that treats the evolution of both the 
( + ’) microstructure and the plasticity in the  phase 
simultaneously was developed [8]. In this model, it is possible to 
simulate the microstructure evolution driven by the gradient of the 
elastic potential field associated with both inelastic strain in the  

phase and coherent strain between the  and ’ phases. The 
evolution of creep strain is calculated on the basis of the von 
Mises-type creep theory by incorporating the macroscopic creep 
behavior previously reported for a single crystal of a -phase alloy. 
In this study, the microstructure evolution during creep in CMSX-
4 is simulated using the above mentioned phase-field model. 
Results of a two-dimensional (2D) simulation are compared with 
previous experimental data on the creep rate–time curve and the 
corresponding microstructure evolution. In addition, a part of the 
results from a three-dimensional (3D) simulation, the analysis of 
which is still ongoing, is also shown. 
 

Calculation method 
 
Phase-field model 
To describe the ( + ’) microstructure, the volume fraction field 
of the ’ phase, f(r,t), and four structural-order parameter fields 
distinguishing four different ordered domains, i(r,t), i = 1,2,3,4, 
are employed. These field variables are functions of space (r) and 
time (t), and change continuously across the /’ interfacial 
regions. In this study, it is assumed that f(r,t) is related to the 
composition field, c(r,t), as 
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where c0

 and c0
’ are the equilibrium compositions of the  and ’ 

phases, respectively. The temporal evolution of the field variables 
is given by the following Cahn-Hilliard and Allen-Cahn equations 
[9]: 
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Here, G is the total free energy of the microstructure, Mf is the 
interfacial mobility, and L is the structural relaxation coefficient. 
In this study, both Mf and L are assumed to be constants. 
 
The total free energy is given by 
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where G

chem and G’
chem are the chemical free energy densities of 

the  and ’ phases, respectively;  is the gradient energy 
coefficient [10]; and Estr is the elastic strain energy. The /’ 
interfacial region is regarded as a mixture of f and f’, which have 
different ’ volume fractions but equal chemical potentials [8, 11]. 
h(i) is a continuous function with values between 0 and 1, g(i) is 
the double-well potential, and w is the double-well potential 
height. The functions h(i) and g(i) are chosen as [12] 
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The parameters w and  in Eq. (4) are related to both the /’ 
interfacial energy per area and the thickness of the /’ diffuse 
interface [12]. 
 
The chemical free energy densities of both phases are formulated 
as a function of composition and temperature, and can be 
calculated from the thermodynamic database of the equilibrium 
phase diagram. In this study, it is assumed that the free energy 
densities can be approximated as quadratic functions of f(r,t) as 
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where W and W’ are the coefficients determined by fitting Eqs. 
(7) and (8) to the free energy curve of each phase. 
 
The elastic strain energy is given as [13-15] 
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where Cijkl is the elastic constant,  is the total strain, 0 is the 
eigenstrain, appl is the applied stress, and   is the uniform 
macroscopic strain. The total strain can be calculated from the 
local equilibrium equation once the spatial distribution of the 
eigenstrain is given. The eigenstrain is defined as 
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where ij is the Kronecker delta function. The first term on the 
right-hand side of Eq. (10) is the lattice misfit strain between the  
and ’ phases, and 0 is the lattice misfit given by 0 = (a’ – a) / a, 
where a and a’ represent the lattice parameters of the  and ’ 
phases, respectively. The remaining two terms in the right-hand 
side of Eq. (10), p

ij and c
ij, are the plastic strain and the creep 

strain, respectively. It is assumed on the basis of a previous report 
on the microstructure observation of a crept specimen [2] that 
both of these strains are confined in the  phase. 
 
Evolution of plastic strain and creep strain 
The plastic strain (p

ij) is defined as time-independent inelastic 
strain. The evolution of p

ij is given by [16] 
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where  is dimensionless time, Eshear is shear strain energy, and Kijkl 
is the kinetic coefficient. Eshear is given by 
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where eij and sij are the deviatoric strain and stress, respectively. 
Eq. (11) is solved at the location (rp) where the von Mises yield 
criterion is exceeded, and the elastic–perfectly plastic relation is 
assumed for simplicity. 
 
The creep strain (c

ij) is defined as time-dependent inelastic strain. 
On the basis of the von Mises-type creep theory [17], the 
evolution of c

ij is given by 
 

),(
2

3),(
4

c

tsC
t

t
ij

ij r
r








, (13) 

 
where C is a material constant and   is the equivalent stress. In 
Eq. (13), the creep property of the single crystal of a -phase alloy 
is incorporated so that the five-power law behavior is observed in 
the early stage of transient creep [18,19]. 
 

Calculation results 
 
2D simulation 
A two-dimensional (2D) simulation is performed by solving Eqs. 
(2) and (3) numerically by the difference method, and the periodic 
boundary conditions are assumed along two dimensions. In 
numerical analysis, all the physical parameters are reduced to 
dimensionless quantities. In particular, the time scale is reduced to 
dimensionless time using the interfacial mobility, Mf, as t* = t × 
(MfRT / l2). Here, the asterisk denotes a dimensionless quantity in 
numerical analysis, R is the gas constant, T is the absolute 
temperature, and l is the unit grid size. 
 
The parameters used in the simulation are listed in Table I. 
Physical parameters of CMSX-4, the elastic constants and the 
lattice misfit, are employed [20, 21]. The local elastic constant is 
assumed as Cijkl (r) = {1 – h(i)}C

ijkl + h(i)C
’

ijkl, where C
ijkl and 

C’
ijkl represent the elastic constants of the  and ’ phases, 

respectively. The structural relaxation coefficient in Eq. (3) is set 
as L = 5Mf to ensure that the process of microstructure evolution is 
diffusion controlled. The kinetic coefficient in Eq. (11) is assumed 
as Kijkl = Kikjl, and K is set as K* = 0.002. The material constant, 
C, in Eq. (13) is set as C* = 0.3; this constant is a fitting 
parameter to reproduce the creep rate–time curve obtained in the 
previous experiment. 

112



 
Figure 1 shows the initial microstructure of the simulation. The 
black and white areas correspond to the  and ’ phases, 
respectively. The square ’ phase with an edge length of about 
200 nm is placed at the center of the computational cell. As 
mentioned previously, a periodic boundary condition is assumed. 
Hence, the initial state can be regarded as a periodic array of the ’ 
phase along the <10> crystallographic directions. 
 
Figure 2 shows the spatial distribution of plastic strain 
immediately after the loading of external tensile stress along the 
[01] direction (t* = 0). Plastic strain has been introduced, so the 
equivalent stress is less than the yield stress in the entire -phase 
region. At this moment, creep strain has not yet been introduced. 
It is seen that the plastic strain concentrates at the  phase along 
the [10] direction. This result is qualitatively consistent with a 
previous analysis [4] that dislocations prefer the  channels 
perpendicular to the [001] tensile-stress axis. 
 
The time evolution of the microstructure is shown in Fig. 3 (a), 
and the corresponding spatial distributions of the inelastic strain 
and the inelastic-strain rate are shown in Figs. 3 (b) and (c), 
respectively. Here, the inelastic strain is given by the sum of the 
plastic strain and the creep strain. It is seen from Fig. 3 (a) that the 
square ’ phase gradually evolves toward the [10] crystallographic 
direction (t* = 6,000) and connects with neighboring ’ particles 
(t* = 14,400). Finally, directional coarsening leads to the 
formation of a rafted structure (t* = 40,000). During the 
microstructure evolution, creep strain is introduced in the  phase 
according to Eq. (13) and increases with time. As shown in Fig. 3 
(b), when the morphology of the square ’ phase is maintained (t* 

= 6,000), a large amount of inelastic strain is observed 
preferentially in the  phase along the [10] crystallographic 
direction. However, as the rafted structure is formed (t* = 
14,40040,000), the inelastic strain region is gradually enlarged in 
the entire  phase. 
 
Fig. 3 (c) shows that the strain rate is high at the /’ interface 
with a curvature (t* = 6,000). Furthermore, it should be noted that 
the strain rate at the interface prominently increases when the ’ 
particles connect with each other through directional coarsening 

Figure 1. Initial microstructure in 2D simulation. 
Black and white areas represent the  and ’ phases, 
respectively.

 

Figure 2. Spatial distribution of the equivalent plastic 
strain immediately after the loading of external tensile 
stress along the [01] crystallographic direction.

 

Computational cell 32 × 32

System size, D  × D  (nm2) 256 × 256

Temperature, T  (K) 1273

External tensile stress, appl (MPa) 160

Free energy coefficients, W  (J m3) W  = 1.29 × 108

 [8] W ' = 1.56 × 108

Double-well potential height, 1.07 × 107

 w  (J m3) [8]

Gradient energy coefficient, 3.41 × 1010

    (J m1) [8]

Average volume fraction of the 0.66

' phase in the system

Elastic constants, C ijkl (GPa) [20] C 
11 = 204.9,  C '

11 = 204.9

C 
12 = 150.8,  C '

12 = 194.5

C 
44 = 94.0,  C '

44 = 95.0

Lattice misfit, 0 [21] -0.0023

Yield stress of the  phase, 120

 y (MPa) [8]

Time step, t * 0.2

Time step,  0.0002

*dimensionless quantity in numerical analysis

Table  I. Parameters used in the 2D simulation.
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(t* = 14,400). Finally, after the rafted structure forms, the strain 
rate continues to decrease to a negligible amount (t* = 40,000). As 
is understood from Eq. (13), the local inelastic-strain rate in the  
phase is correlated with the distribution of internal stress; the 
higher the local stress state, the higher is the local strain rate. 
Hence, the simulation result shown in Fig. 3 (c) at t* = 14,400 
assumes that the equivalent stress at the /’ interface is high 
temporarily when vertical  channels start to disappear.  
 
The creep rate–time curve obtained by the simulation is shown by 
solid symbols in Fig. 4. From the beginning of creep, a monotonic 
decrease in the creep rate is observed. The creep rate temporarily 
increases around t* = 14,400, when the rafted structure forms. 
After t* = 14,400, the creep rate continues to decrease, and the 

accelerating creep stage is not reproduced in the simulation. It has 
been reported that the temporary increase in the macroscopic 
strain rate is observed experimentally in the early stage of high-
temperature creep under low stress [22]. From Fig. 3 (c), it is 
assumed that the stress concentration at the /’ interface is the 
direct cause of the temporary increase in the macroscopic creep 
rate. The simulation results in this study reveal the correlation 
between directional coarsening during creep and macroscopic 
creep response. 
 
In Fig. 4, the creep rate–time curve of CMSX-4 under an external 
tensile stress of 160 MPa along the [001] crystallographic 
direction is shown by open symbols [3]. In this condition, the 
rafted structure forms before the minimum creep rate, t = 200 h, is 

Figure 3. Result of 2D phase-field simulation: (a) morphological evolution of the ’ phase, (b) spatial distribution of the 
equivalent inelastic strain, and (c) spatial distribution of the equivalent inelastic-strain rate. The inelastic strain is the sum 
of the plastic strain (p

ij) and the creep strain (c
ij).
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attained. In fact, directional coarsening has already started at t = 
30 h as shown in Fig. 5; as indicated by arrows in the SEM 
micrograph, it is observed that the rafted structure is partially 
formed. Hence, it is assumed that the increase in the creep rate at t 
= 8 h originates from directional coarsening. In Fig. 4, simulation 
time steps are transformed into real time values by assuming that 
t* = 14,400 corresponds to t = 8 h. As mentioned earlier, the 
correlation of simulation time step with real time value is 
described by t* = t × (MfRT / l2). Hence, the interfacial mobility is 
calculated as Mf = 3.02 × 1021 J1 mol m2 s1, which is consistent 
well with the value approximated from the diffusion mobility 
database [23]. It is seen from Fig. 4 that the experimental curve in 
the early stage of the transient creep is successfully reproduced by 
the simulation. However, there is a large discrepancy between the 
simulated and experimental curves in the later stage of creep. 
 
3D simulation 
Three-dimensional (3D) simulation is performed to confirm the 
reproducibility of directional coarsening in 3D analysis. The 

computational cell is 32 × 32 × 32, and the system size is 256 × 
256 × 256 nm3. The average volume fraction of the ’ phase in the 
system is set as 0.54. The material constant in Eq. (13) is set as C* 
= 0.02. Other parameters employed for the simulation are the 
same as those listed in Table I. Figure 6 shows the initial 
microstructure of the simulation. The cuboidal ’ phase, whose 
edge length is about 200 nm, is placed at the center of the 
computational cell. The periodic boundary conditions are assumed 
along all three dimensions. 
 
Figure 7 (a) shows the 3D microstructure evolution obtained by 
the simulation. The corresponding 3D contours of the inelastic 
strain and the inelastic-strain rate are shown in Figs. 7 (b) and (c), 
respectively. An external tensile stress of 160 MPa is applied 
along the [001] crystallographic direction. It is observed in Fig. 7 
(a) that the ’ phase evolves toward the direction perpendicular to 
the external tensile stress (t* = 50,000), resulting in a connection 
with neighboring ’ particles (t* = 95,000). Calculation of the 
subsequent microstructure evolution is currently under way, but it 

Figure 4. Creep rate–time curves obtained from the 2D simulation (solid symbols) and from the experiment on CMSX-4 
(open symbols) [3]. The arrow indicates the time at which the minimum creep rate is reached in the experiment.
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Figure 5. SEM micrograph of CMSX-4 crept at 1273 K under 160 MPa for 30 h.
 

Figure 6. Initial microstructure in 3D simulation. The cuboidal ’ phase is placed at the center of the 
computational cell.
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Figure 7. 3D simulation results of (a) microstructure evolution, (b) 3D contour of the inelastic strain, and (c) 3D contour of 
the inelastic-strain rate. An external tensile stress of 160 MPa is applied along the [001] crystallographic direction.
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is expected that an ideal (001) rafted structure is formed. It is 
worth noting from Fig. 7 (b) that the inelastic strain is 
concentrated at the (001)  channel. Furthermore, when the ’ 
phase forms the (001) rafted structure (t* = 95,000), the inelastic-
strain rate is locally high not only at the /’ interface with a 
curvature but also at a part of the (001)  channel (see Fig. 7 (c)). 
The temporary increase in the strain rate could affect the 
macroscopic creep behavior as shown in Fig. 4 for the 2D 
simulation. The creep ratetime curve based on the 3D simulation, 
which will be obtained by our ongoing numerical analysis, is 
required to reveal the detail of the microstructure evolution and its 
resulting macroscopic creep response. 
 

Discussion 
 
Discrepancy between the simulation and experimental results 
As shown in Fig. 4, the creep rate–time curve of CMSX-4 in the 
late stage of creep has not been reproduced. During long-term 
creep at high temperatures in CMSX-4, microstructure evolution 
after formation of the rafted structure has been observed; the 
coalescence of the ’ phase broadens the width of the -phase 
channels [3]. It has been revealed that this microstructure change 
leads to an increase in the strain rate. In the numerical simulation 
in this study, an ideal array of the ’ phase is assumed as the initial 
microstructure. Hence, directional coarsening of the ’ phase 
forms an ideal lamellar structure. As a result, the coalescence of 
the ’ phase cannot be reproduced by the simulation; this is the 
direct cause of the discrepancy between the simulation and 
experimental   results.   A   large-scale   simulation   incorporating 
spatial inhomogeneity of ’ particles could reproduce the 
coalescence of the rafted structure. The simulation results in this 
study indicate that the high-temperature creep strength of 
superalloys can be dramatically improved if the ideal lamellar 
structure is maintained. 
 
Modeling method of inelastic strain 
In the phase-field model of dislocations [24], the spatial 
distribution of inelastic strain associated with an arbitrary 
dislocation configuration is described through the product of the 
eigenstrain of a dislocation loop and the order parameter that 
serves as a shape function of the slipped region. In this model, the 
total energy of a crystal with dislocations is described as a 
function of the order parameter, whose time evolution is 
calculated as the steepest descent path of the total energy. Hence, 
dislocation reactions such as multiplication and annihilation of 
dislocations can be taken into account. However, it is difficult to 
treat quantitatively the motion of dislocation climb, which is an 
important thermal activation process in high-temperature creep. 
 
On the other hand, in this study, the inelastic strain field in the  
phase is defined as the sum of plastic strain (p) and creep strain 
(c). The evolution of inelastic strain is calculated on the basis of 
flow rule, in which the principle of maximum plastic work is 
assumed. This modeling method enables one to incorporate 
directly the previously reported macroscopic creep properties of -
phase alloys. The adoption of this model has led to the 
reproduction of both the microstructure evolution and the creep 
rate–time curve in the initial stage of transient creep, as shown in 
Figs. 3 and 4, respectively. However, in contrast to the phase-field 
model of dislocations, solving Eq. (11) or (13) does not 
automatically lead to a minimum-energy inelastic strain 
configuration. 

 
In high-temperature creep, the dislocation networks form at the /’ 
interface. It has been reported that as the interfacial dislocation 
spacing becomes smaller, the creep rate lessens [25]. 
Consequently, in the near future, the method of modeling the 
evolution of the inelastic strain field, including dislocation climb, 
seems to be one of the most important issues for simulations 
based on the phase-field method. 
 
/’ interfacial mobility 
The evolution of the ’ volume fraction field is solved, and the /’ 
interfacial mobility is estimated as Mf = 3.02 × 1021 J1 mol m2 
s1 from the creep rate–time curve obtained by the 2D simulation. 
Our recent analysis [23] suggests that the estimated /’ interfacial 
mobility exhibits good agreement with the value approximated 
from the diffusion mobility of rhenium (Re) in CMSX-4. This 
indicates that microstructure evolution in CMSX-4 is controlled 
by the atomic diffusion of Re, which is one of the creep-
strengthening elements. 
 
If the creep rate–time curve is obtained by the 3D simulation, the 
interfacial mobility would be estimated more accurately; this 
could reveal a correlation between the interfacial mobility and 
atomic diffusion mobility, and in the near future, would enable the 
quantitative prediction of the ( + ’) microstructure evolution. 
The 3D simulation is ongoing, and details of the results will be 
presented in our forthcoming article. 
 

Conclusions 
 
The evolution of the ( + ’) microstructure during creep was 
simulated with a phase-field model that treated the evolutions of 
both the microstructure and the  phase plasticity simultaneously. 
Both the 2D and 3D simulations reproduced directional 
coarsening of the ’ phase and demonstrated the formation of a 
rafted structure. In the initial stage of creep, inelastic strain is 
concentrated preferentially in the  phase along the direction 
perpendicular to the external tensile-stress axis. When the ’ 
particles connect with each other through directional coarsening, 
the strain rate is increased locally at the /’ interface with a 
curvature; the 2D analysis suggests that this phenomenon causes 
the increase in the macroscopic creep rate. 
 
The creep rate–time curve in the initial stage of transient creep 
was successfully reproduced by the 2D simulation. However, 
there was a large discrepancy between the simulation and 
experimental results in the late stage of creep. For reproducing 
accelerating creep, the coalescence of the rafted structure needs to 
be simulated; hence, a large-scale simulation is required for 
considering the inhomogeneous alignment of ’ particles. Finally, 
the /’ interfacial mobility should be estimated accurately from 
the creep rate–time curve obtained by the 3D simulation; this 
would enable one to understand the correlation between interfacial 
mobility and atomic diffusion mobility. 
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