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Abstract

Refractory elements are used in Ni-based superalloys to
increase creep resistance (Mo, Re, W) and to retard the
coarsening of the γ’ phase (Re). At high concentrations
of refractory elements precipitation of topologically close-
packed (tcp) phases [1] is detrimental to the creep prop-
erties of the alloys. A more detailed understanding of
the formation kinetics and thermodynamic stability of
tcp phases will therefore be beneficial for the design of
the next generation superalloys. Atomistic modeling of
tcp stability with interatomic potentials requires to go be-
yond the second-moment approximation to the electronic
density of states by including up to at least the sixth
moment [2]. We have developed an analytic bond-order
potential (BOP) that systematically takes into account
higher moment contributions to the density of states and
depends explicitly on the valence of the transition-metal
elements [3]. For the parameterization of the new BOP,
we performed extensive density functional theory (DFT)
calculations of elemental and binary compound phases
of Ni, the technologically important alloying element Cr,
and the refractory metals Mo, Re, and W. We will discuss
the structural trends of the DFT calculations, compare
to the predictions of the analytic BOP and report on our
progress on the parameterization of the analytic BOP for
the Re-W system. This work is part of the EPSRC-funded
collaborative multi-scale project ’Alloys by Design’.

Introduction

Superalloys for commercial turbine blades have to fulfill
stringent requirements on long-term stability at operat-
ing temperatures. In Ni-based superalloys, the mechani-
cal properties are improved by adding molybdenum, rhe-
nium, and tungsten. These refractory elements increase
the creep resistance (Mo, Re, W) and retard the coars-
ening of the γ’ phase (Re). At concentrations of the re-

fractory elements of several weight percent, however, tcp
phases precipitate [1] that are detrimental to the creep
properties of the alloys. This upper bound for the con-
centration of refractory elements is a constraint in the
design of the superalloy. It can also be exceeded due to
interdiffusion at interfaces with coatings [4].

Topologically-closed packed phases are well known to
form in compounds that contain transition metals. Their
structures can be described in terms of networks of in-
tersecting coordination polyhedra (see e.g. Sinha [5]).
The coordination number (CN) of the central atom in
these polyhedra ranges from 12 to 16 with an average
value of more than 13 in the tcp phases. In this work
we focus on those tcp phases that have been observed
for binary transition-metal compounds: A15, C14, C15,
C36, σ, µ, and χ. The structural stability of tcp phases
is affected by electronegativity, differences in atomic-size
and electronic structure effects (see e.g. Ref. [6] for a re-
cent review on Laves phases). In many cases such effects
can be identified in structure maps that are based on a
one-dimensional ordering parameter for the elements, the
so-called Mendeleev number M [7, 8] (see Fig. 1). The
comparison of theoretically predicted structure maps with
experimental data enables one to identify which effects
dominate. Although density-functional theory (DFT) cal-
culations can be routinely applied to determine formation
energies with high accuracy, they are too computation-
ally demanding to set up structure maps for all possi-
ble binary combinations of transition metals. The tight-
binding method approximates the electronic density of
states (DOS) and was proven to be sufficient to capture
the experimentally observed structural trends [9]. In or-
der to be able to understand the stability of tcp phases
as a function of the local coordination, we require an ap-
proximation to the solution of the tight-binding model.
We have presented a bond-order potential (BOP) that
is an analytic expansion of the DOS in terms of mo-
ments [3]. This BOP depends explicitly on the valence of
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Figure 1: The Mendeleev number M, here shown for the
transition metals, is a one-dimensional ordering parame-
ter for the elements of the periodic table [7, 8].

the transition-metal elements and reproduces the struc-
tural trend across the 4d and 5d transition-metal series.
In this work we apply this BOP to the structural stability
of tcp phases of binary transition-metal compounds.

In the first part of this paper we will present a phe-
nomenological structure map of experimentally observed
tcp phases in binary transition-metal compounds. The
second part is devoted to density-functional theory cal-
culations of the tcp phases in the binary systems Re-W,
Mo-W and Mo-Re. In the last part we demonstrate that a
recently developed analytic bond-order potential captures
the trends of the structural stability of tcp phases.

Structure Map of tcp phases

The relative stability of tcp phases for binary transition-
metal compounds is related to the average group number
of the elements (see e.g. Ref. [5]). We have compiled
a structure map of the occurrence of tcp phases for bi-
nary compounds from experimental databases that high-
lights not only this relationship, but also allows us to
identify size effects. The data points of the structure
map were collected from Pearson [10] and the Inorganic
Crystal Structure Database (ICSD) [11]. These struc-
tures comprise ordered as well as disordered crystals that
were observed at high as well as low temperatures. The
average Mendeleev number of the compounds MAB was
determined from the average of the elemental Mendeleev
numbers MA, MB with weights according to the exper-
imentally observed stoichiometry of the compound. The
few cases with unknown chemical composition (e.g. Ta-
V) were assumed to have a compound ratio of 1:1.

Crystal Structures

The tcp phases are made up of different combinations
and mutual arrangements of coordination polyhedra as
elemental formation units. The coordination polyhedra
CN12 to CN16 that form the tcp phases A15, C14, C15,
C36, σ, µ, and χ are shown in Fig. 2. A detailed review

Figure 2: The atoms in topologically close-packed phases
are highly coordinated with 12 (upper left) to 16 neigh-
bours (lower right) arranged in regular polyhedra.

on local-coordination polyhedra and their arrangement in
networks in tcp phases was given by Sinha [5]. Whether a
particular polyhedron stabilizes a tcp phase depends not
only on the interplay with the other polyhedra, but also
on the size and band filling fraction of the constituent
atoms.

Results

From our compilation of experimentally observed data,
we find that the occurrence of the Laves phases C14, C15,
and C36 is strongly affected by the difference in atomic
size of the two compound elements. To be more pre-
cise, at an constant average Mendeleev number MAB ,
Laves phases with the chemical compositions AxBy (with
y > x) form nearly exclusively with MB > MA, thus
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the majority component are the larger atoms. This well
known geometric effect is due to the difference in coordi-
nation of 12 and 16 between the inequivalent sites, with
the latter coordination polyhedra being strongly preferred
by the larger atoms. In contrast, the occurrence of the
other predominantly observed tcp phases A15, µ, σ, and
χ exhibits a peak at an average Mendeleev number M of
approximately 58 (Fig. 1). This corresponds to a half-
full d-band, consistent with previous observations (see e.g.
Ref. [5]). The A15 structures (AB3) are observed mainly

Figure 3: The tcp phases A15, σ, µ, and χ in binary
transition-metal compounds occur predominantly at an
average Mendeleev number M of 58 that corresponds to
a half-full d-band. The Laves phases C14, C15, and C36
(not shown here) are strongly affected by size effects.

for MB < MA (the smaller atoms form the majority
component) and therefore exhibit an interplay of atomic
size and electronic effects. The µ, σ, and χ phase are dom-
inated mainly by the average Mendeleev number MAB.
The occurrence of tcp phases at half-full d-band coincides
with the transition from bcc to hcp in the structural trend
across the 4d and 5d series. In the next section we present
DFT calculations for binary compounds of transition met-
als on either side of this structural transition.

DFT Calculations

The self-consistent density-functional theory calculations
presented in this section focus on three compound sys-
tems at the structural transition from bcc to hcp in

the 4d and 5d transition-metal series: Re-W, Mo-Re,
and Mo-W. For each binary compound, we investigated
the tcp phases A15, C14, C15, C36, µ, σ, and χ in
all possible occupations of the inequivalent sites within
the primitive unit-cell. Distributing the atoms in the
unit cell without breaking the crystal symmetry results
in several crystal structures for each tcp phase (e.g.,
32 for the σ phase). Additionally, we included more
than 40 ordered and disordered fcc and bcc based struc-
tures. The calculations have been performed using the
ab-initio total-energy and molecular-dynamics program
VASP (Vienna ab-initio simulation package) developed
at the Institut für Materialphysik of the Universität
Wien [12, 13, 14]. We employed the projector-augmented
waves (PAW) method with the local-density approxima-
tion (LDA) to the exchange-correlation functional and
pseudo-potentials that treat the outermost p electrons as
valence states. We successfully performed convergence
tests with respect to the number of plane waves and the
k-point density. In particular, we found that an energy
cutoff of 400 eV and a k-point density of 0.02 (Å/2π)3 was
sufficient to achieve an accuracy of 1 meV/atom for the
cohesive energies. The structural relaxations (of unit cell
and internal degrees of freedom) were converged to a max-
imum force of less than 1 meV/Å. The results presented
in the following correspond to the structural stability at a
temperature of 0 K. At finite temperatures the occupancy
of the individual sites may vary strongly, as was shown
for the Re-W σ phase [15] and the Ni-Nb µ phase [16]
previously.

Re-W

The system Re-W is of particular interest as it exhibits
a rich phase-diagram including σ and χ, but negligible
size effects (see e.g. Ref. [15]). The heat of formation for
the various structures as obtained from our DFT calcula-
tions are compiled in Fig. 4. (We show only the con-
vex hull for each structure type as obtained from our
set of DFT calculations.) Our results are in very good
agreement with previous DFT calculations of the Re-W
σ phase [15]. We find that all the binary tcp phases that
we considered have a positive heat of formation and are
therefore unstable against phase separation to Re (hcp)
and W (bcc), regardless of their chemical composition.
Our results are in good quantitative agreement with pre-
vious DFT calculations of elemental Re and W structures
(cf. Fig. 1(b) in Ref. [17]). The formation energies as ob-
tained from our calculations are well below 50 meV/atom
for the A15, σ, and χ phase at chemical compositions
of approximately Re0.33W, Re0.3−0.5W, and Re0.6−0.9W,

849



0 20 40 60 80 100
Re content in Re-W [%]

0

100

200

300

400

500

600

∆H
f [

m
eV

/a
to

m
]

A15
µ
σ
χ
hcp
fcc
bcc

W Re

Figure 4: The heat-of-formation diagram of the Re-W
system from our DFT calculations shows small positive
values for the tcp phases A15 (purple), σ (blue), and χ (vi-
olet) near the transition from bcc (black) to hcp (green).

respectively. These stoichiometries are in line with the
experimentally observed σ and χ phase for Re0.43−0.65W,
Re0.7−0.75W at temperatures of more than 1500 K. In
contrast to the σ and χ phase, the A15 structure is not
observed experimentally, although we find very similar
(positive) heat of formation. This suggests that the en-
tropic contributions to the free energy that stabilize σ
and χ at elevated temperatures are less important in the
case of A15. The results of our total energy DFT cal-
culations could be employed to investigate the thermo-
dynamic stability of tcp phases at finite temperatures by
calculating the Gibbs free energy. Whilst the configura-
tional entropy is directly related to the crystal structure
(see e.g. Ref. [18]), the calculation of the vibrational en-
tropy would require further, computationally expensive
DFT calculations (see e.g. Ref. [19]) that are beyond the
scope of this current paper.

Mo-Re

The compound Mo-Re is very similar to Re-W with re-
spect to atomic sizes, average Mendeleev number MAB ,
and the structural transition from bcc to hcp. Conse-
quently, the heat of formation for the different structures
as obtained from our DFT calculations are nearly iden-
tical (Fig. 5). The small positive value of the heat of
formation for the σ and χ phase is in line with experimen-
tal phase diagrams that observe these phases for similar
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Figure 5: The heat-of-formation diagram of the Mo-Re
system obtained by DFT calculations is very similar to
the Re-W system (Fig. 4) with small positive values of
the tcp phases A15 (purple), σ (blue), and χ (violet) near
the transition from bcc (black) to hcp (green).

Re-rich chemical compositions at elevated temperatures.
Again, the entropic contributions to the free energy in
the case of A15 seem to be too small to stabilize this
structure.

Mo-W

The Mo-W system is of particular interest in this study
as it is very similar to Re-W and Mo-Re with respect to
atomic sizes and the average Mendeleev number MAB .
However, both elements form in the bcc structure, there-
fore we do not expect a structural transition in the phase
diagram. Our DFT calculations confirm this expectation,
the convex hull of all structures show negligible bowing
and no intersections (Fig. 6). The tcp phases are unstable
against phase separation by more than 100 meV/atom for
all chemical compositions. We therefore do not expect tcp
phases to form in the Mo-W system, although the average
Mendeleev number would be in the range of tcp forma-
tion.

Tight-Binding Approximation and Bond-Order
Potential

The DFT calculations presented in the previous section
can hardly be extended to study trends across all possible
binary combinations of transition metals due to the shear
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Figure 6: The heat-of-formation diagram of the Mo-W
system as obtained from DFT calculations show large for-
mation energies of the tcp phases for all chemical compo-
sitions.

amount of CPU time required. Therefore, we coarse-grain
the description of the electronic structure and continue
our study with the tight-binding bond model [20] that
has proven to be sufficient for identifying structural trends
(see e.g. Refs. [3, 9]).

Formalism

In the non-magnetic d-band tight-binding bond-model the
energy is given as a sum of repulsive and bond energies

U = U rep + Ubond (1)

where U rep is a pairwise contribution. The bond energy
can be given in terms of the electronic density of states
niα(E) of orbital α on atom i as

Ubond =
∑

iα

EF∫
(E − Ei)niαdE, (2)

or, equivalently, in terms of the density matrix ρiαjβ as

Ubond =
∑

i 6=j

∑

αβ

2ρjβiαHiαjβ . (3)

The density matrix ρjβiα is directly related to the bond
order

θjβiα = 2ρjβiα (4)

that measures the strength of a bond. Within the bond-
order potential (BOP) formalism, the tight-binding DOS
is represented as an analytic expansion [3] in terms of
moments µ

(n)
iα

µ
(n)
iα =

∫
Enniα(E)dE. (5)

that directly relate the local atomic environment to the
electronic structure. The derivation of the analytic BOP
is based on Chebyshev polynomials of the second kind
and presented in detail in Ref. [3]. This BOP depends
explicitly on the valence (i.e. the number of valence d
electrons per atom) of the transition-metal elements and
contains the second-moment Finnis-Sinclair potential at
the lowest-order of approximation.

By taking into account the contribution of six moments
to the DOS, the analytic BOP reproduces the structural
trend from hcp to bcc to hcp to fcc across the non-
magnetic 4d and 5d transition metal series. This level
of approximation is also sufficient to resolve the struc-
tural energy differences of tcp phases [2]. In this work we
apply the analytic BOP to the structural stability of tran-
sition metals in the tcp structures A15, C14, C15, C36,
σ, and µ. We have implemented the analytic BOP in a
multi-purpose modeling package that can also be used for
performing structural relaxation and molecular-dynamic
simulations.

Structural Trends

Similarly to our previous work on the structural trends
across the transition metals [3], we determined the den-
sity of states for topologically-close packed phases within
the sixth moment approximation of the analytic BOP.
In particular, we used canonical nearest-neighbour bond
integrals [21]

ddσ : ddπ : ddδ = −6 : 4 : −1 (6)

with a decay ∝ 1/R5 and band-widths as obtained from
tight-binding calculations. The second moment µ(2) was
chosen identical for all structures to guarantee that the
structural energy differences are to first order given by the
differences in bonding energy [8]. The resulting valence-
dependent bond energies shown in Fig. 7 were normalized
to the corresponding values of an fcc structure at half-
full band. The χ phase was not included in this BOP
study, because it consists of distorted polyhedra that
would require site-dependent cutoff radii for the tight-
binding overlap integrals. These results obtained with
a sixth-moment approximation of the BOP are in good
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Figure 7: The structural energy differences of tcp phases
as obtained with the analytic BOP using show that the
A15 and σ phase have small positive heat of formation at
half-full d-band.

agreement with tight-binding reference calculations that
are based on the identical Hamiltonian Hiαjβ of Eq. 3.
The structural trend of fcc, bcc, and hcp was already dis-
cussed in Ref. [3]. From our new calculations, we find two
groups of tcp phases that exhibit very similar dependence
on the d-band filling: A15 and σ on one hand and µ, C14,
C15, and C36 on the other hand. The latter are stabilized
by the electronic structure for N / 3 and N ' 8. How-
ever, our structure map and previous observations (see
e.g. Ref. [6]) indicate that the structural stability of the
Laves phases is governed by atomic size and packing ratio.
In contrast, the electronic structure plays an important
role in the stabilization of A15 and σ at the structural
transitions from hcp to bcc at a d-band filling of N ≈ 3
and from bcc to hcp at a half-full d-band (N ≈ 5). The
phase competition in the latter regime has also been sug-
gested by previous DFT calculations for unary tcp phases
of 4d and 5d TMs by Berne and co-workers [17]. Our
DFT calculations for the binary systems Re-W and Mo-
Re correspond to intermediate values of the average d-
band filling per atom. The phase competition that our
BOP predicts in this regime of about half-full d-band is
consistent with the small positive values of the heat of
formation that we observed in our DFT calculations for
the A15 and σ phase of Re-W and Mo-Re. Our BOP re-
sults show that a shift of the average d-band filling, e.g.,
by replacing Re-W with Ru-W, leads to a destabilisation
of the tcp phases.

Conclusion

In this work we provide a study of the structural stabil-
ity of topologically close-packed phases by a combination
of complimentary approaches: a phenomenological struc-
ture map, DFT calculations of particular systems, and
bond-order potential calculations of trends across the d-
band.

A histogram of experimentally observed tcp phases
shows the predominant occurrence of the A15, σ, µ, and χ
phase at half-full d-band. We performed detailed density-
functional theory calculations for the systems Re-W, Mo-
Re, and Mo-W with similar d-band filling fraction. The
minima of the calculated heats of formations are con-
sistent with the chemical compositions of tcp phases in
experimental phase diagrams at elevated temperatures.
However, the positive values of the formation energies in
the range of approximately 50 meV/atom suggest that
entropic contributions to the free energy play an impor-
tant role in the structural stability of binary TCP phases.
In order to move beyond the DFT focus on the half-
full d-band to the structural trend across the complete
transition-metal series, we coarse-grain the description of
the electronic structure to the tight-binding bond model,
and even further to a recently developed analytic bond-
order potential. A comparison with conventional tight-
binding calculations based on the same Hamiltonian show
that approximating the tight-binding DOS to the level of
six moments in the BOP is sufficient to resolve the dif-
ferences in the bond energy of tcp phases. The structural
energy differences across the d-band suggest two groups
of tcp phases with similar behavior. The µ, C14, C15, and
C36 phases are stabilized by the bond energy for N / 3
and N ' 8. However, the effects of atomic size and pack-
ing ratio that govern the stability of these phases are not
included in this study. The A15 and σ phase are compet-
ing with hcp and bcc near N ≈ 3 and with bcc and hcp
at a half-full d-band (N ≈ 5). The phase competition in
the latter regime is in line with our DFT calculations for
Re-W and Mo-Re.

We are currently using our DFT results in the param-
eterization of the analytic BOP. We then plan to use the
BOPs to model complex structures and processes that are
beyond the scope of present day ab-initio methods, such
as the dependence of interface and defect energies on lo-
cal chemical composition and strain, as well as the kinetic
processes of tcp formation.
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